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ABSTRACT 
Ground source heat pump (GSHP) system is one of  the major techniques that utilize shallow geothermal energy and borehole heat exchangers (BHEs) is 
the key component in GSHP system. Although most proposed analytical models for the thermal analysis of  vertical BHEs take into account of  the effects 
of  either groundwater flow or axial heat conduction in the soil, the time scale of  heat transfer in the BHEs is not well treated. In this study, an 
analytical full-scale model was developed to efficiently include the effects of  the coupled transient heat transfer in the borehole, the axial heat conduction 
along the borehole and the effect of  horizontal flow of  groundwater. Results derived from the new model were compared with solutions of  other traditional 
analytical and numerical models with the same configuration. The impacts of  axial heat transfer and groundwater flow on the thermal response in the full 
time scale were also analyzed based on the proposed model. 
INTRODUCTION 
Ground source heat pump (GSHP) system is one of  the major techniques that utilize shallow geothermal energy 
and borehole heat exchangers (BHEs) is the key component in the GSHP system (Somogyi, et al. 2017). Compared to 
horizontal boreholes, the vertical configurations are widely used in both commercial and residential buildings due to 
compact occupied areas and stable soil temperatures among different seasons. In order to estimate the heat transfer of  
vertical BHEs, different numerical (Kim, et al. 2010; Saner, et al. 2010), analytical (Diao, et al. 2004; Li and Lai 2012) and 
combined models (Hellström 1991; Yavuzturk 1999) have been proposed in the current literature, among which 
analytical methods are preferred because of  the simple expression and fast computation.  
The heat transfer in the vertical BHEs would be affected by several factors, such as the underground thermal 
properties and the variable building loads over years. Generally, it is recommended to consider the heat transfer 
procedure in two separated regions. One region is the space out of  the borehole, where the heat transfer is usually 
treated as a transient process due to the fact that the heat exchanger is surrounded in a semi-infinite medium. The 
infinite line-source (ILS) model, finite line-source (FLS) model and the cylindrical source model are normally 
considered in this region (Zeng, et al. 2002). Compared to the other two methods, FLS model is more often used to 
include the effect of  axial heat conduction along the borehole. The other region is the one in the borehole, which is 
filled with grouting material and U-shaped tube(s) with circulating medium. In the current literature, this region can be 
analyzed as steady state (including quasi steady state) due to the high aspect ratio (length/diameter ≈ 150m/0.1m for 
example) and the low thermal capacity compared to the surroundings. Treating the U-shaped tube as a single pipe 
with equivalent diameter in 1-D is one of  the simplest expressions. In order to include thermal influence between legs 
of  U-shaped tube, researchers (Hellström 1991; Claesson and Hellström 2011) further developed different 2-D 
models based on tube, researchers (Hellström 1991; Claesson and Hellström 2011) further developed different 2-D 
models based on the line-source assumption and multipole method, respectively. A 3-D quasi steady state model 
was also proposed to include the effect of  varied fluid temperature along the depth of  the borehole (Diao, et al. 
2004).  
However, it would result in some issues by treating the heat transfer procedure in two separated regions. 
According to some researchers’ work, the traditional line-source models would be valid for t ≥ 5𝑟𝑟𝑏𝑏2/𝑎𝑎, which is 
around 4 to 8 hours for a typical borehole (Eskilson and Claesson 1988). Therefore, the conventional line-source 
models are inappropriate for the short-term energy analysis of  GSHPs. Although some analytical solutions are 
available to predict the short-term response of  BHEs, most of  them are based on the assumption of  
“equivalent-diameter”, which simplifies the complicated geometry of  the borehole to one composite region 
enclosed in a hollow cylinder (Javed 2011; Javed and Claesson 2011). This simplification makes it impossible to 
include the transient effect of  both the grouting material and the fluid circulating in the U-shaped tube. With the 
same assumption, a full-scale model is proposed to cover a wide time range from few minutes to several decades 
(Javed 2011), but there exists a gap between the temperature profiles derived from the short- and long-term 
solutions and an arbitrary temperature shift is required at the “breaking time”. Li (Li, et al. 2014) developed 
another full-scale model based on the idea of  “matching asymptotic expansion” and this model is able to simulate 
the thermal response by considering different structural parameters and physical properties in the borehole. 
However, all these full-scale models do not take into account of  the groundwater impact. Several researches 
indicate that in most cases, the impact of  groundwater flow on the heat transfer of  BHEs cannot be neglected. 
Groundwater flow promotes the heat transfer between the BHEs and surrounding, and in some cases, this 
enhancement may allow 16% savings on the initial cost (Capozza, et al. 2013). 
Although most proposed analytical models for the thermal analysis of  vertical BHEs take into account of  
the effects of  either groundwater flow or axial heat conduction in the soil, the time scale of  heat transfer in the 
BHEs is not well treated. Therefore, in this paper, a new analytical full-scale model is developed to efficiently 
include the effects of  the coupled transient heat transfer in the borehole, the axial heat conduction along the 
borehole and the horizontal flow of  groundwater.  
FUNDAMENTAL THEORY  
This section provides a general review on the models that will be used as basis of  the improved model. The 
schematic of  vertical BHEs with groundwater flow is shown in Fig. 1. The assumptions are summarized as follows: 
i) the underground is homogeneous and composed of  saturated soil with constant properties; ii) the surface 
temperature of  the ground is constant; iii) the groundwater flows uniformly along x-axis with Darcy velocity 𝑢𝑢𝑑𝑑. 
In porous medium with groundwater flow, the 2-D heat transfer between the BHEs and the soil is mainly in the 













� = 0 (1) 
Where T represents the average temperature of  the porous medium; t is the operation time; 𝑘𝑘 is the bulk thermal 
conductivity, and 𝜌𝜌𝐶𝐶𝑝𝑝 represents the volumetric heat capacity of  the porous medium. If  𝜂𝜂 is the soil porosity, 
 
the bulk properties can be expressed as Eq.(2). 









Fig. 1. Schematic of  the vertical BHEs with groundwater flow (Q is the heating and cooling loads) 
 
In the field application, the diameter of  the borehole ranges from 0.1 to 0.2m and the depth normally varies 
from 40 to 200m. The aspect ratio between the depth and the diameter of  the borehole is high and the borehole 
can be considered as a line heat source. According to the infinite line-source (ILS) model, the G-function at 𝑟𝑟 =



















Where 𝑢𝑢 is an integral variable; 𝐸𝐸1 is an exponential integral function. In many cases the heating loads are not in 
balance with the cooling loads on a year-round basis, and the excessive load will accumulate in the ground and thus 
the effect of  the heat transfer on the ground surface should be taken into account. Research showed that after 1.6 
years, the ILS model would produce large error due to the neglect on the axial heat conduction of  the borehole 
(Philippe, et al. 2009), and this would increase the length of  BHEs by 15% during the initial design (Marcotte, et al. 
2010). This limitation can be addressed by the finite line-source (FLS) model, which is derived from the method of  
images of  heat sources. The G-function at 𝑟𝑟 = 𝑟𝑟𝑏𝑏 due to a unit-step load can be expressed by Equation (4) (Zeng, 
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Where 𝑙𝑙 and 𝑑𝑑 denote the integral variables, and 𝑒𝑒𝑟𝑟𝑒𝑒𝑒𝑒(𝜕𝜕) is the complementary error function. It should be 
noted that both ILS and FLS models are based on the assumptions of  steady heat conduction in borehole. 
Therefore, they cannot be used directly for short time-step analysis in vertical BHEs. As a substitute, the 
composite-medium line-source (CMLS) theory (Li and Lai 2012) has been proposed to include the transient 
thermal process in the borehole and to further investigate the effect caused by the difference in the thermal 
properties of  the ground and the backfilling material. As indicated in Fig. 2, the U-shaped tube is treated as two 
infinite heating lines, and the wall temperature of  the U-shaped tube is considered as characteristic temperature of  
the model and this value is the average of  temperatures at points A and B. The short-term G-function for BHEs 
with single U-shaped tube is defined in Equations (5) and (6) (Li, et al. 2014; Yang and Li 2014). 
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𝜑𝜑 = 𝑎𝑎∗𝑘𝑘∗𝐽𝐽𝑛𝑛(𝑢𝑢𝑟𝑟𝑏𝑏)𝐽𝐽𝑛𝑛′ (𝑎𝑎∗𝑢𝑢) − 𝐽𝐽𝑛𝑛′ (𝑢𝑢𝑟𝑟𝑏𝑏)𝐽𝐽𝑛𝑛(𝑎𝑎∗𝑢𝑢) (6a) 𝜓𝜓 = 𝑎𝑎∗𝑘𝑘∗𝐽𝐽𝑛𝑛(𝑢𝑢𝑟𝑟𝑏𝑏)𝑌𝑌𝑛𝑛′(𝑎𝑎∗𝑢𝑢) − 𝐽𝐽𝑛𝑛′ (𝑢𝑢𝑟𝑟𝑏𝑏)𝑌𝑌𝑛𝑛(𝑎𝑎∗𝑢𝑢) (6b) 
𝑒𝑒 = 𝑎𝑎∗𝑘𝑘∗𝑌𝑌𝑛𝑛(𝑢𝑢𝑟𝑟𝑏𝑏)𝐽𝐽𝑛𝑛′ (𝑎𝑎∗𝑢𝑢) − 𝑌𝑌𝑛𝑛′(𝑢𝑢𝑟𝑟𝑏𝑏)𝐽𝐽𝑛𝑛(𝑎𝑎∗𝑢𝑢) (6c) g = 𝑎𝑎∗𝑘𝑘∗𝑌𝑌𝑛𝑛(𝑢𝑢𝑟𝑟𝑏𝑏)𝑌𝑌𝑛𝑛′(𝑎𝑎∗𝑢𝑢) − 𝑌𝑌𝑛𝑛′(𝑢𝑢𝑟𝑟𝑏𝑏)𝑌𝑌𝑛𝑛(𝑎𝑎∗𝑢𝑢) (6d) 
 
Where 𝑎𝑎∗ = �𝑎𝑎𝑏𝑏/𝑎𝑎 and 𝑘𝑘∗ = 𝑘𝑘/𝑘𝑘𝑏𝑏 are the dimensionless variables; 𝑟𝑟′ is the radius position of  the heat 
line-sources (Fig. 2); 𝑟𝑟𝐴𝐴 and 𝑟𝑟𝐵𝐵 are the radius coordinates of  points A and B respectively; 𝑢𝑢 is the integral 
variable.  
In the cases with groundwater flow, when neglect the effects of  thermal dispersion, moving infinite line heat 
source (MILS) and moving finite line heat source (MFLS) models are the two main methods that take into account 
of  the groundwater effect. (Chiasson and Connell 2011) examines two other analytical solutions for the heat 
transfer characteristics around closed-loop borehole heat exchangers in significant groundwater flow and proposes 
a model could account for the effects of  thermal dispersion with groundwater advection. In MILS model, by 
considering the dimensionless parameters (Pe and Fo) and defining the integral average temperature of  a circle with 



















Where the reference length for non-dimensional parameters is H, 𝑅𝑅′ = �𝜕𝜕2 + 𝜕𝜕2 𝜋𝜋⁄ , 𝑅𝑅 = �𝑅𝑅′2 + (𝑍𝑍 − 𝑍𝑍′)2, 𝑍𝑍 =
𝑑𝑑/𝜋𝜋, 𝑍𝑍′ = 𝑑𝑑′/𝜋𝜋 are the dimensionless parameter; 𝜓𝜓 is the integral variable. By considering the impact of  the 
axial heat transfer in BHEs, MFLS model was developed with the G-function shown in Eqs. (8) and (9) 
(Molina-Giraldo, et al. 2011). Eq. (8) can be solved directly using numerical integral method, or it can be calculated 




































IMPROVED FULL-SCALE ANALYTICAL MODEL 
Fig.3 indicates the temperature profiles in one single borehole predicted by CMLS, ILS, FLS and MFLS 
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models. The time scale ranges from 0.5 min to 95 years and it can be roughly divided into two subintervals by a 
specific transition time 𝜕𝜕𝑏𝑏. This transition time is related to the structure of  the borehole and it can be estimated 
by following a scaling relation 𝜕𝜕𝑏𝑏 ≈ (2𝑟𝑟𝑏𝑏)2/𝑎𝑎𝑏𝑏 (Li and Lai 2015). The time scale is divided into short-term (0-5 
hours) and medium-/long-term (>5 hours). When there is no groundwater flow or the effect of  water flow can be 
neglected, another transition time 𝜕𝜕𝐻𝐻 ≈ 70 𝑑𝑑𝑎𝑎𝜕𝜕𝑐𝑐 (estimated from Fig.3) is used and 𝜕𝜕𝐻𝐻 is related to the length of  
the borehole. It should be noted that these transition times are pre-required in the current full-scale models and the 
solutions are derived by shifting the line source solutions at an appropriate “breaking time”.  
As reviewed in the previous section, the traditional FLS model is able to be used in the mid-/long-term 
analysis and CMLS model is preferred in the short-term without considering the groundwater effect. Both MILS 
and MFLS models include the advection effect, but they would only be appropriate for the long-term. Therefore, a 
combination of  CMLS and MFLS models would be able to include the effects of  full time scale and advection 
caused by the water flow. By following a similar idea of  “matching asymptotic expansion” proposed by other 
researchers (Li, et al. 2014 Javed 2011), the G-function of  an improved CMLS-MFLS model is expressed as Eq. 
(10), where 𝐺𝐺𝐶𝐶𝐶𝐶𝐼𝐼𝐼𝐼(𝜕𝜕), 𝐺𝐺𝐶𝐶𝐹𝐹𝐼𝐼𝐼𝐼(𝜕𝜕) and 𝐺𝐺𝐶𝐶𝐼𝐼𝐼𝐼𝐼𝐼(𝜕𝜕) can be determined from Eqs. (5) to (9). When there is no effect 
of  groundwater flow, the G-function Eq. (10) can also be written as the Eq. (11). It should be noted that different 
from other full-scale models, the transition times are not required to determine the improved G-function. 
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Fig.3. Temperature response of  the circulating fluid in a borehole due to a unit-step thermal load, which is the solution of  
various analytical models (detailed input parameters are provided in Table 1)  
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The temperature of  the circulating fluid due to a unit-step heating/cooling load can be obtained as Eq. (12). 
𝜕𝜕𝑓𝑓(𝜕𝜕) − 𝜕𝜕𝑠𝑠,0 = 𝑞𝑞𝑙𝑙�𝐺𝐺𝐶𝐶𝐶𝐶𝐼𝐼𝐼𝐼−𝐶𝐶𝐹𝐹𝐼𝐼𝐼𝐼(𝜕𝜕) + 𝑅𝑅𝑝𝑝� (12) 
Where 𝑞𝑞𝑙𝑙 is the heat flux per unit length, 𝑅𝑅𝑝𝑝 = 𝑅𝑅𝑒𝑒𝐹𝐹𝑛𝑛𝑐𝑐′ + 𝑅𝑅𝑒𝑒𝐹𝐹𝑛𝑛𝑑𝑑′  is the U-shaped pipe thermal resistance, 𝑅𝑅𝑒𝑒𝐹𝐹𝑛𝑛𝑐𝑐′ =
1 (4𝜋𝜋𝑟𝑟𝐹𝐹ℎ)⁄  is the convective resistance and 𝑅𝑅𝑒𝑒𝐹𝐹𝑛𝑛𝑑𝑑′ = 𝑙𝑙𝑙𝑙(𝑟𝑟𝐹𝐹 𝑟𝑟𝑖𝑖⁄ ) �4𝜋𝜋𝑘𝑘𝑝𝑝�⁄  is the conductive resistance of  the 
U-shaped tube. The other important thing need to declare is that the steady-state borehole thermal resistance 
𝑅𝑅𝑏𝑏 = 𝑅𝑅𝑒𝑒𝐹𝐹𝑛𝑛𝑐𝑐′ + 𝑅𝑅𝑒𝑒𝐹𝐹𝑛𝑛𝑑𝑑′ + 𝑅𝑅𝑏𝑏′ = 𝑅𝑅𝑝𝑝 + 𝑅𝑅𝑏𝑏′  is used in the section, where 𝑅𝑅𝑏𝑏′  is the thermal resistance of  the grout. 
According to the literature (Lamarche, et al. 2010), 𝑅𝑅𝑏𝑏′  is best predicted by the analytical solution derived from 
multipole method, and this expression is included in the CMLS-MFLS model and other formulates. 
MODEL VALIDATION AND DISCUSSION 
Numerical solutions by finite difference method or finite element method are commonly used to solve heat 
conduction problems. It is more flexible to deal with complicated geometries or other complexities such as the 
case of  compound medium. In this section, a 2-D model was built to simulate the transient behavior of  the 
thermal response in the actual U-shaped tube, which is normally in the short and medium time scale. Because the 
axial heat conduction has a significant effect only in a long time scale, the axial heat transfer is not considered and 
the solutions would be used to validate the new analytical solution developed in the previous section. 
Fig. 4 indicates the 2-D mesh used in the finite element simulations. Constant heat flux (0.5W/m) were 
applied uniformly on the exterior surfaces of  the two inner tubes. The infinite domain was replaced by a finite 
region with a large radius (10m), and the initial temperatures of  both the soil and the outer boundaries were 
assumed as constant (15°C). The characteristic temperature of  the tube walls equal to the average temperature of  
the circle as shown in the figure. Table 1 lists the physical properties of  the medium and the operating conditions 
of  the unsteady heat transfer procedure.  
Fig.5 compares the predicted fluid temperature rise obtained from both analytical and numerical models. It is 
observed that the improved full-scale model (CMLS-MFLS) matched best with the numerical solutions in the 
short- and medium-term. The temperature rises also followed the variation trend of  FLS model in the long-term. 
It should be noted that the traditional line-source models required to shift the temperature response after the 
transition time tb. Therefore, the solution of  the proposed CMLS-MFLS model would not rely on the transition 






Fig. 4. Computation mesh used in the finite element simulations (without the U-shaped tube); the scale at the bottom 
indicates a non-dimensional distance based on the borehole radius 
 
Table 1. Physical properties, and operating conditions of single U-tube BHEs models 
Properties Values Properties Values 
𝑞𝑞𝑙𝑙 1W/m 𝑟𝑟𝑏𝑏 0.065m 
𝑘𝑘𝑝𝑝 0.42W/(mK) H 100m 
𝑎𝑎 1.33 × 10−6m2/s x𝑈𝑈 0.026𝑚𝑚 
𝑎𝑎𝑏𝑏 4.84 × 10−7m2/s 𝑟𝑟𝑖𝑖 0.017m 
𝜕𝜕0 15℃ 𝑟𝑟𝐹𝐹 0.02m 
 
Fig. 6 compares the thermal response curves derived with groundwater flow. Similar to the previous findings, 
the proposed CMLS-MFLS model could better predict the temperature rise in the short-term than the traditional 
MFLS model. In order to further investigate the impact of  water flow on the thermal response, both CMLS-MFLS 
and CMLS-MILS models were compared at different flow rates. Results showed that the differences of  fluid 
temperature obtained from moving finite and infinite line-source models were gradually decrease with the velocity 
increased. When Pe was higher than 20, the solutions derived from CMLS-MFLS and CMLS-MILS were almost 
overlapped, which indicated that the effect of  axial heat transfer was weakened by the enhanced convection and 
the axial heat conduction in the borehole could almost be neglected. However, when Pe was less than 10, the 
results temperature rises predicted by CMLS-MFLS almost matched with the results in FLS, which indicated that 
the effect of  groundwater could be neglected, and the axial heat conduction in the borehole would be the main 
factor to affect the long-term response. 
CONCLUSION 
A new full-scale CMLS-MFLS model, which could account for the entire time scale and the effect of  
groundwater flow, was proposed in this paper to predict the thermal response of  a single, vertical BHEs. The 
analytical solution was validated by a numerical solution and compared with other typical analytical models. The 
analytical solutions of  the proposed model remained simple in the expression and were convenient to use in the 
design of  BHEs. The effect of  axial heat loss and underground water flow were analyzed based on the proposed 
model. It was observed that when Pe was high (>20 in this study), the axial heat loss had a minor impact on the 
thermal response and could almost be neglected. When Pe was low (<10 in this study), the axial heat loss would be 
the main factor in the long-term response and the advection effect could be neglected.  
 





















100 101 102 103 104 105 106 107
Time[min]
 
Fig.5. Validation of  the new CMLS-MFLS model with a 
finite element method when Pe=0 
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Fig. 6. Thermal response curves of  CMLS-MFLS model 
at different groundwater flow rates 
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NOMENCLATURE 
Fo = Fourier number，Fo = atH−2 (-) 
Pe = Peclet number，Pe = vTHa−1 (-) 
Pr = Prandtl number，Pr = va−1 (-) 
Re = Reynolds number，Re = uriv−1 (-) 
h = convective heat transfer coefficients (Wm−2K−1) 
T = temperature (K) 
t = time (s) 
k = conductivity (Wm−1K−1) 
R = unit length borehole resistance (mKW−1) 
Cp = specific heat (Jkg-1K-1) 
ql = heat flux per unit length (Wm−1) 
𝑎𝑎 = thermal diffusivity 𝑎𝑎 = kρ−1Cp−1 (m2 s-1) 
u = velocity (ms−1) 
H = borehole vertical length，(m) 
G = G function (-) 
vT = effective heat transfer rate，(ms−1) 
Jn = Bessel functions of  first kind of  order n (-) 
Yn = Bessel functions of  second kind of  order n (-) 
r = Radius coordinates，(m) 
x, y, z = Cartesian coordinates (m) 
Greek letters 
𝜑𝜑 = angle with x-axis (rad) 
𝜌𝜌 = density (kgm-3) 
𝜂𝜂 = ground porosity (-) 
Subscripts and superscripts 
I = internal pipe 
𝑏𝑏 = grout 
𝑒𝑒 = fluid 
𝑐𝑐 = solid 
𝑒𝑒 = pipe 
o = external pipe 
U = shank spacing 
′ = dimensionless 
d = Darcy 
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